Reciprocating internal combustion engine models have the antithetical goals of accurately describing complex nonlinear behaviour and being simple enough for such purposes as automatic control and online diagnosis. A one-piston four-stroke engine is modelled here by recursively stating simple physical equations. To do that, the domestic ideas of domination and dependence are called as methodological tools for modelling, since they hand out necessary and sufficient equations with few manoeuvres, allocate simulations with the same characteristic and, hopefully, provide a fine way to understanding. The resulting model reveals both steady cycles and transient behaviour.
Introduction
Reciprocating internal combustion engines have been around for a couple of centuries. In 1807, François Isaac de Rivaz (1752-1828) built one that ran on a dangerous mixture of hydrogen and oxygen, and attached it to a vehicle. Between 1858 and 1863, Jean Joseph Etienne Lenoir (1822-1900) built and patented another one that ran on coal gas ruled by a primal carburettor and ignited by an electric spark, attached the engine to a three-wheeled vehicle and made it run 80 km on petroleum. In 1862, Alphonse Beau de Rochas (1815-1693) patented the four-stroke principle, without building the corresponding engine. In 1864, Siegfried Marcus (1831-1898) built a one-piston engine with a carburettor, and attached it to a vehicle. In 1873, George Brayton (1830-1892) developed a safe two-stroke engine that ran on kerosene pumped by external cylinders. Between 1861 and 1876, Ernst Rödl Nikolaus August Otto (1832-1891) and Eugen Langen (1833-1895) built a two-stroke engine, improved on Lenoir's and de Rochas' designs and built a four-stroke engine that was widely adopted for automobile, airplane and other vehicles. successful two-stroke engine. In 1883, Edouard Delamare-Deboutteville (1855-1901) and Léon Malandin (1849-1912) built a one-piston four-stroke engine that ran on stove gas. Our object of study is, precisely, a one-piston four-stroke engine. Figure 1 helps in describing its cyclic strokes as follows: as the piston is near the inward end, a (mainly) gaseous mixture of fuel and air compressed inside the cylinder is ignited by a spark and combustion proceeds liberating energy; as the piston moves outward, gases expand delivering momentum to the piston, rod and crankshaft; as the exhaust valve is opened and the piston returns inward because of crankshaft momentum, gases are pushed out of the cylinder; as the exhaust valve is closed, the intake one is opened and the piston goes back outward, a new mixture is drawn into the cylinder and, as the intake valve is closed and the piston returns inward again, the mixture is compressed.
In 1876, Otto not only had built such an engine, but also provided a model for it by sketching figure 2 according to the tradition inaugurated with the pressure-pattern indicators developed around 1795 by James Watt (1736-1819) and John Southern (1758-1815) and sanctioned in 1834 by Benoit Paul Émile Clapeyron (1799-1864) to scrutinize steady thermodynamic cycles, i.e., by drawing a plot representing the steady evolutions of the pressure acting on the piston (vertically) versus the volume available in the cylinder (horizontally).
Many plots of the same breed and different accuracies have been drawn since then. To devise formulae, an ideal cycle was standardized [1, 2] . It consists of an isochoric combustion (replacing Otto's left positively tilted line by a vertical one that prolongs pressure to a much higher maximum), a reversible adiabatic expansion (roughly coinciding with Otto's upper negatively tilted line, away from the maximum pressure), an isochoric drop (replacing Otto's right positively tilted line), an isobaric exhaust (fairly coinciding with Otto's horizontal line), an isobaric intake (coinciding with Otto's horizontal line, again) and a reversible adiabatic compression (coinciding with Otto's lower negatively tilted line).
Temperature was incorporated, along with enthalpy and entropy, in other plots inaugurated during 1904 by Richard Mollier (1863-1935) [2] .
The plots and formulae for the ideal cycle permitted mathematical manoeuvres and set visible limits to energetic ambitions, but were obviously insufficient. For instance, beyond former discrepancies with Otto's sketch, the last formula gave efficiencies well in excess of those of actual engines [1, 3, 4] .
During the 20th century, internal combustion engines bloomed. As war urgencies, market demands and environmental regulations turned more and more stringent, the above models of the engines became more and more insufficient and, since the advent of computers, these were called on to improve modelling. Spatial details of the intake process were modelled and simulated with computational techniques, and results were used as initial conditions to successively do the same with the compression, combustion, expansion and exhaust processes. The century ended with Zhu [5] reporting, in 1995, that an accurate model and simulation of a complete Otto cycle had been achieved by means of 80 000-element 50 h computations on a Cray computer.
However, that was not final. Modelling internal combustion engines is a task with the antithetical goals of accurately describing their complex nonlinear behaviour and deriving simple models for such purposes as automatic control and online diagnosis. In 1988, Kienke [6] showed it clearly. Let us illustrate the case with a single example. The precise simulation of one cycle has been insufficient at least since 1886, when Clerk found empirical evidence against the steadiness of the cycles. Given that the situation appeared to be tougher as the fuel-to-air ratio diminished and such diminution (i.e., lean fuelling) was becoming imperative, Daw, Kennel, Finney and Connolly [7] abandoned spatial, chronological and even numerical details during 1998, in order to observe and model cycle variabilities by quantizing cycle-tocycle measurements into finite-alphabet time series, statistically evaluating their frequencies of occurrence and detecting bifurcations in the histograms as the fuel-to-air ratio diminishes. This procedure provided a relatively simple, fast and robust method for system and parameter identification, and thus incremented the vast field of identification methods that minimize an error norm by tuning approximants of a given class (e.g., linear ARMAX equations, NARX equations, neural structures or fuzzy schemes; for a glimpse, see [8, 9] ).
Requests for internal combustion engine models certainly continue in the 21st century. In 2002, for instance, Froschhammer [10] had to rely on a high-resolution simulation model (of a Diesel engine this time) to address the identification and compensation of speed sensor inaccuracies for on-board diagnosis of fuel-to-air and injection-timing flaws. The desired diagnosis was based on the attainment of crankshaft speed spectra by means of speed sensors and a neural network, and on the comparison with defaults. Hence, speed sensors were crucial and a second neural network was used to diagnose and heal their inaccuracies.
Our bequest is neither on accuracy nor on completeness, but on modelling from simple physics (plus a vestige of chemistry). Indeed, more than the engine model, our main contribution probably is the modelling method.
In section 2, modelling is initiated by identifying a worrying variable and establishing an equation where that variable depends directly on others, i.e., by first identifying W and establishing equation (1), where W depends on T and n. Then, modelling is recursively resumed by identifying each new variable that dominates old variables in the already established equations, and, in a first-identified-first-resolved manner, establishing another equation where that new variable either behaves independently or depends directly on old and/or newer ones, e.g., by identifying T and n that dominate W in equation (1), and establishing equation (2), where T depends on f, r, θ and l, and equation (3), where n depends on P and J , etc. Finally, modelling is ended by acknowledging that there are no more new dominant variables to identify. That way, necessary and sufficient equations are provided with rather few hesitations, references and mathematical manoeuvres. Furthermore, simulations are carried out likewise.
To be able to perform such a script, the domestic ideas of domination and dependence are called to the modelling scenario in spite of being scientifically controversial and unsettling some traditional formulae. A short time ago, the same was consciously done by two of the authors in a related subject [11] . The feedback concept can be traced in both final models as a key to smooth the controversy.
Here, the model, though oversimplified, reveals the engine behaviour even beyond steady cycles. So, the case presents itself as an interesting exercise for both engineering and physics scholars, who can find abundant information to try model refinements with the same method and deeper equations, e.g., in the book by Heywood [12] .
Modelling
Assuming that t is time going by in s, let us worry about the delivered power, i.e., let us state that W is the power delivered by the engine through its rotating crankshaft axis, in W.
This power depends on the torque arriving at the axis and on the rotation speed around the axis:
where T is the torque delivered to the crankshaft by the bearing of the rod that connects the piston to the crankshaft (N m) and n is the rotation speed of the crankshaft (rad s −1 ). Concerning the torque and the speed, simple geometry and dynamics render
where f is the net force moving from the mixture inside the cylinder to the piston (N); r is the radius of the circumference described by the rod bearing around the crankshaft axis, i.e. half the piston stroke (m); θ is the rotation angle of the crankshaft from an angle putting the piston at the inward end after compression (rad); l is the length of the rod (m); P is the overall rotation momentum around the crankshaft axis (N m s) and J is the (reflected) moment of inertia around the axis (N m s 2 rad −1 ). The net force moving to the piston depends on the gas pressure from inside the cylinder, on the atmospheric pressure and on the piston area:
where p g is the gas pressure from inside the cylinder (Pa); p at is the atmospheric pressure (Pa) and A p is the piston area, i.e. the one corresponding to its bore (m 2 ). The radius of the circumference described by the rod bearing stands independent and, in particular, can be
The rotation angle depends on the rotation speed, being constructed from it:
The length of the rod stands independent and, in particular, can be l = 0.15.
The momentum depends on the torque delivered by the piston and on the net resisting torque, being constructed from them. If the engine is attached to a vehicle, in-gear, the resisting torque may be a matter of gravity (e.g., when going uphill), stiction, viscous friction and aerodynamic drag. Assuming that it is mainly a matter of viscous friction:
where D is the (reflected) friction coefficient around the axis (N m s rad −1 ). The moment of inertia stands independent. If the engine is attached to a light vehicle (e.g., a bike with 200 kg overall mass, 1:4 transmission ratio and 56 cm outer wheel diameter), it can be close to
Neglecting the speed of the piston, the gas pressure depends on the energy, mass and volume of the gas in the following way, which can be easily deduced from the ideal gas state equation and a first-order Taylor-MacLaurin approximation for the gas-specific energy as a function of its temperature and (if convenient) its pressure [13] :
where v 0g is a specific volume remainder (m 3 kg −1 ); c pg is a coefficient (J kg −1 Pa −1 ); E g is the energy of the gas inside the cylinder (J); m g is the mass of the gas inside the cylinder (kg); e 0g is a specific energy reference (J kg −1 ) and V g is the volume of the gas inside the cylinder (m 3 ). The atmospheric pressure, the piston area and the friction coefficient stand independent and, in particular, can be 
The specific volume remainder obeys
where k B is Boltzmann's constant (J K −1 per molecule); c T g is another coefficient (J kg −1 K −1 ) and µ g is the average molecular mass of the gas (kg per molecule). If the gas contains little fuel and combustion residues, so that it can be considered gaseous and mainly consisting of air, [14] allows us to evaluate coefficient c pg as
The energy and the mass inside the cylinder, respectively, depend on the incoming and outgoing powers and on the incoming and outgoing mass flows, being constructed from them:
where w ig is the power moving into the cylinder (W); w og is the power moving out of the cylinder (W); q ig is the gaseous mass stream moving into the cylinder, i.e. the intake flow (kg s −1 ) and q og is the gaseous mass stream moving out of cylinder, i.e. the exhaust flow (kg s −1 ). Since the specific energy reference is arbitrary, let it be e 0g = 0.
The volume of the gas depends on the piston area and on the available cylinder depth:
where y 0 is the distance from the rotation axis to the head of the cylinder (m) and y is the distance from the axis to the top of the piston (m). Boltzmann's constant is
Again, if the gas contains little fuel and combustion residues, [14] and also [15] allow us to evaluate coefficient c T g and the average molecular mass as
The power moving into the cylinder, the power moving out, the intake flow and the exhaust flow depend on various variables. If a carburettor guarantees a small, though suitable, fuel-to-air ratio:
where T at is the atmospheric temperature (K); w comb is the power released by the combustion of the fuel mass inside the cylinder (W); G is the thermal conduction coefficient between the cylinder and the atmosphere (W K −1 ); T g is the temperature of the gas inside the cylinder (K); u p is the downward speed of the piston (m s −1 ); b qi is the cam-driven binary openingor-closing of the intake valve; k i is the intake valve coefficient (m s −1 K 1/2 Pa −1 ); b qo is the cam-driven binary opening-or-closing of the exhaust valve and k o is the exhaust valve coefficient (m s −1 K 1/2 Pa −1 ). The distance from the rotation axis to the head of the cylinder stands independent and, in particular, can be
The distance from the axis to the top of the piston depends on previous geometric variables:
The atmospheric temperature stands independent and, in particular, can be
The power released by the combustion depends mainly on the ignition of a spark, on the latent heat of the fuel inside the cylinder, on its chemical kinetics and on its mass:
where b comb is the cam-driven binary igniting-or-pausing of the spark plug that commands the combustion of the fuel inside the cylinder; λ f is the latent heat of the fuel inside the cylinder (J kg −1 ); k comb is a simplified chemical kinetic coefficient for the combustion (s −1 ) and m f is the fuel mass inside the cylinder (kg).
The thermal conduction coefficient stands independent and, in particular, can be
The gas temperature depends on the energy, mass and volume of the gas in the following way, which can also be deduced from the ideal gas state equation and the first-order TaylorMacLaurin approximation for the gas-specific energy as a function of its temperature and its pressure:
According to geometry, the downward speed of the piston can be expressed as
The binary opening-or-closing of the intake valve depends on a camshaft angle repeating itself every two revolutions of the crankshaft to yield the four strokes in that period, e.g.,
where θ r is the repetitive camshaft angle (rad). The intake valve coefficient stands independent and, in particular, can be
The binary opening-or-closing of the exhaust valve depends on the repetitive camshaft angle, e.g.,
The exhaust valve coefficient stands independent and, in particular, can be
The binary igniting-or-pausing of the spark plug depends on the same angle and on a reference one in it, for starting the ignition, e.g.,
where θ 0 is the ignition start angle within the repetitive camshaft angle (rad). The latent heat of the fuel and the chemical kinetic coefficient stand independent. If the fuel is mainly octane, the chemical reaction, the energies bonding the involved molecules and empirical information on the settling time suggest 
The mass of the fuel inside the cylinder behaves according to
where r f is the fuel-to-air ratio of the mixture (kg kg −1 ). Since two revolutions are equivalent to 4π radians, the repetitive camshaft angle is
The reference angle stands independent and, in particular, can be
If the carburettor guarantees suitability, the fuel-to-air ratio also stands independent. Stoichiometry and the nominal composition of air suggest r f = 0.05.
New dominant variables do not appear anymore. Let us consider that the model is complete (in this sense). 
Simulations
Simulations were carried out using equations (1)-(44) without any additional mathematical manoeuvre. That allowed the visualization and mutual comparison of all 44 variables involved in the equations, either constant or varying throughout time, if desired. Integrals demanded by equations (6), (8), (16), (17) and (41) were evaluated by means of constrained variable-step 4/5 Runge-Kutta approximations. The constraint prevented the step from becoming bigger than 0.1 ms and was necessary because of the different dynamics involved the inside and outside of the cylinder.
From top to bottom, figure 3 shows simulation results regarding the evolution of the power, torque and speed delivered by the engine through its crankshaft axis. Transient evolutions appear on the left and steady evolutions on the right. Since the moment of inertia is relatively small and the engine only has one piston, speed trembles. Peak values during the transient cycles are easy to appreciate. Since those of the speed increase monotonically while those of the torque increase more rapidly and then decrease, those of the power increase monotonically.
In a similar manner, figure 4 shows simulation results regarding the evolution of the gas temperature, volume and pressure inside the cylinder. As the power delivered by the engine increases, dragging energy from inside the cylinder, the peak values of both the temperature and the pressure decrease. Of course, those of the volume remain constant and only their frequency increases. Figure 5 shows the evolution of the pressure (vertically) versus that of the volume (horizontally), following the tradition sanctioned by Clapeyron. Transient evolution appears at the top and steady evolution at the bottom. Otto's sketch is quite recognizable there.
Regarding the steady state, simulations suggest that the average power delivered by the engine is 2.8 kW.
They also suggest that the average rotation speed is 110 rad s −1 (i.e., 1060 rev min −1 ), the average fuel consumption is 0.000 15 kg s −1 (i.e., 0.55 kg h −1 ), the average power liberated by the fuel is 6.9 kW and, therefore, the efficiency is 0.40.
That way, if the engine were attached to a light vehicle with 1:4 transmission ratio and 56 cm outer wheel diameter, and if the density of the fuel were 740 kg cm −3 (that of gasoline), the steady travel speed of the vehicle would be 28 km h −1 and the average fuel consumption would be 2.6 l per 100 km, which is reasonable.
On the other hand, simulations propose that the peak temperature of the gas inside the cylinder is 2400 K and the peak pressure is 8600 000 Pa (i.e., 86 atm).
According to Anderson [3] , the efficiency of the ideal Otto cycle with the present compression ratio (11:1) should be near 0.62, while the peak temperature of the gas should be close to 2800 K and the peak pressure should be on the point of 100 atm. Since the same author affirms that the efficiency goes down to 0.40 in real cases and Mandl [4] asserts that it can go down to 0.30, the present simulation results are quite satisfactory.
After all, the model supporting the simulations is merely introductory. For the moment, it takes no notice of fuel components other than octane, skips differences such as those between the temperatures of the atmosphere, the intake flow and the coolant, disregards customary online adjustments such as that of the ignition start angle and bluntly ignores such elementary driving actions as moving the gas pedal to affect the intake flow and shifting gears to modify the reflected moment of inertia and friction coefficient. But all this can be refined.
Conclusion
Reciprocating internal combustion engines have moved, move and will probably keep moving our world until they are replaced by fuel cells running, ironically, on the same hydrogen-andoxygen mixture that inspired de Rivaz two centuries ago.
With that in mind, an introductory model of a one-piston four-stroke combustion engine has been developed here from simple physics, for both physics and engineering scholars.
It was achieved by dealing first with a worrying variable and then, recursively, with the variables that arose dominating the variables that were already dealt with, until new dominant variables no longer appeared.
That method consciously called the domestic ideas of domination and dependence to the modelling scenario, in spite of them being controversial and unsettling traditional state equations and specific energy formulae, as can be seen in equations (10) and (32).
In compensation, those ideas end up delivering necessary and sufficient equations with rather few hesitations, references and mathematical manoeuvres. Furthermore, they allocate simulations with the same characteristics and, hopefully, provide a fine way to understanding reality before handling it.
Indeed, gladly accepting that formulae are always perfectible, that other variables always intervene and that much deeper models of the engine have been laboriously developed for more than a century, the model developed on this occasion endorses the usual qualitative explanations and rough experimental evidence regarding both steady cycles and transient behaviour.
All in all, the main contribution probably is the modelling method.
